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We investigate entanglement between two spatial regions of a free bosonic gas using a separability
criterion for continuous variable systems. We find entanglement between the regions only when we
post-select certain momenta related to the size of the regions under investigation. We relate the
presence of entanglement to the temperature of the system and providing we can probe increasingly
smaller regions we argue that entanglement exists at arbitrarily high temperatures. Moreover, the
entanglement we find is useful as it can be extracted to a pair of atoms.
PACS numbers:
Entanglement, a fundamental ingredient of quantum
mechanics, leads to correlations between the subsystems
that are greater than anything possible classically. The
need among the quantum information community for en-
tanglement stems from its unambiguous use in quantum
teleportation schemes [1, 2], cryptography protocols [3, 4]
and moreover in quantum computation itself [5, 6, 7].
There are many established methods of identifying
[8, 9] and quantifying [10, 11] entanglement, however
to implement these a good knowledge of the state is re-
quired, which is not always available especially as one
moves into the realm of many-body continuous-variable
(CV) systems. Consequently, the focus has shifted to de-
tecting entanglement in a system by using macroscopic
variables - that can be measured easily - such as temper-
ature [12], heat capacity [13] and magnetic susceptibility
[14, 15].
In a recent paper [16], Anders et al provide a general
argument for why thermodynamical variables might act
as good entanglement witnesses for spatial entanglement
in many-body systems. When they speak about entan-
glement in space they mean that two localised regions
of a system exhibit correlations that are non-local. In
this paper the Heisenberg uncertainty relation is used to
derive the minimum energy of a spatially separate con-
figuration of non-interacting bosons. We take this as our
starting point and investigate entanglement between two
spatial regions of a free bosonic field using a separability
criterion [17] by Simon for CV states.
The aims of this paper are two-fold. First, we want to
show how to construct an inequality that indicates if the
system is entangled in space and to discuss the results in
the case of a thermal state. We would then like to show
that the entanglement we have found is useful as it can
be extracted to a pair of atoms.
We start by considering a 1D infinite square well po-
tential of length L, see figure (1), filled with a free bosonic
gas in a thermal state ρ = exp(−(Hˆ − µNˆ)/kBT )/Z at
temperature T . The quantities Hˆ , kB, µ and Nˆ are the
Hamiltonian, Boltzmann’s constant, the chemical poten-
FIG. 1: Visualisation of our system, in which a thermal non-
interacting bosonic gas is trapped in a 1D infinite square well
of length L and the particles occupy decoupled momentum
modes φk(x). We wish to investigate entanglement between
two spatial modes R and Q that can be seen here shaded in
grey with a finite distance between them, denoted by ∆S.
tial and the number of particles in the system, respec-
tively. We take the grand canonical distribution and de-
termine µ by fixing the average total number of particles
in our system 〈N〉. The grand partition function is there-
fore Z = tr[exp(−β(Hˆ − µNˆ)]. In momentum represen-
tation, the Hamiltonian of a non-interacting bosonic gas





where k are the momentum modes of the system , aˆk and
aˆ†k are the annihilation and creation operators of parti-
cles in these modesand Ek = ~ωk with the usual disper-
sion relation for massive particles ωk = ~
2k2/2m. As
the Hamiltonian is quadratic the thermal state is Gaus-
sian and can be described entirely by its first and second
moments.
When considering spatial entanglement it is important
to work in the second quantised formalism. This is be-
cause when we have many body systems entanglement
exists between the occupation number of modes and not
just between internal degrees of freedom of the particles
themselves. This allows for the interesting case of single
particle entanglement, which was elsewhere [18] shown
to be of the same form as the usual EPR entanglement.
Even more importantly, the first quantisation is mislead-
2ing and can lead to inconsistent conclusions. If we worked
in the first quantised picture, defined two spatially sepa-
rated regions and measured the position of particles (us-
ing xˆ), the eigenvalues belonging to both regions would
be naturally selected. However, there would be no in-
dependent observables for each region, meaning that the
regions are not proper subsystems and the Hilbert space
is not a direct product of the Hilbert spaces of the two
regions. Thus we must work in the second quantised pic-
ture where each region represents an independent mode
and our Hilbert space is a tensor product of the two.
We now proceed to investigate entanglement of the free
bosonic field in this manner.
Our simple Hamiltonian describes decoupled momen-
tum modes φk(x) =
√
2/L sin(kx) with k = pil/L. In-
deed, the state ρ can be written as a sum of products of
density operators for the constituent momentum modes
and is therefore a separable state w.r.t. momenta. Never-
theless entanglement exists in position space and we wish
to investigate these spatial correlations. Because we are
working with CV states, we need to define position and
momentum operators, with appropriate units, in space.
This is done with the discrete Fourier transform and goes
as uˆ(x) =
∑∞









(aˆ†k − aˆk) are
the conjugate observables in the momentum picture. The
choice of observables that we have made is not unique and
other position and momentum operators can be chosen as
long as they satisfy the canonical commutation relations.
The general conclusions that follow will not be altered
in any fundamental way if we made another choice of
observables.
But space, unlike the momentum in our system, is con-
tinuous and a point in space is of volume zero and hence
meaningless to talk about. So let us therefore investigate
entanglement between spatial regions, denoted by R and
Q, that must be of finite size, again see figure (1). The
conjugate operators uˆ(x), pˆ(x) become uˆR, pˆR, uˆQ and
pˆQ, with support localised in R and Q. We use a detec-
tor profile to average over the set of points in the regions,




can take an positive function for g(x), but for simplicity,
we take g(x) as a top hat function, i.e. equal weight is
given to all points in the regions. Our operators must
obey the usual commutation relations [uˆR, pˆQ] = i~δR,Q,
which determine the normalisation of g(x).
The transformation between modes is linear and pre-
serves the Gaussian nature of the thermal state in the
new canonical operators. This also means that the state
can be characterised in its entirety through a 4 × 4 real
symmetric covariance matrix (CM) γ, defined by the sec-
ond order moments of the observables of our spatial field
modes R and Q as γα,β = 〈{ξˆα − 〈ξˆα〉, ξˆβ − 〈ξˆβ}+〉.
For convenience ξˆ = (uˆR, pˆR, uˆQ, pˆQ) and the indices
α, β = 1, 2, 3, 4 represent the four components of ξˆ. From
FIG. 2: We plot the number of momenta (∆ k) that we must
post-select to find entanglement in our system against the
size of the regions R = Q. The two regions are touching at
L/2 for a fixed low temperature. We sum from the lowest
momentum up to kmin where we first find entanglement and
we can then make the truncation for sums up to kmax without
losing entanglement. It is evident that for smaller regions we
have to sum over an increasing number of modes to uncover
the entanglement. For very small regions no entanglement
exists at low temperatures and the system must be heated up
before we can find entanglement again, which is explained in
the text.
the positivity of ρ and the commutation relations there
are two relations
γ ≥ 0, γ + i~σ ≥ 0, (1)
which must be satisfied so that γ represents a proper CM.
By expanding the operators ξˆα in terms of the recipro-
cal space annihilation and creation operators, aˆk and aˆ
†
k,
the constituents of the covariance matrix can be evalu-
ated easily in the momentum Fock basis. The resulting




A 0 E 0
0 B 0 F
E 0 C 0
0 F 0 D

 .
For completeness we write down the general form of one
typical CM entry:




















The other entries, B = 2〈pˆ2R〉, C = 2〈uˆ
2
Q〉, D =
2〈pˆ2Q〉, E = 〈{uˆR, uˆQ}+〉 and F = 〈{pˆR, pˆQ}+〉 differ from
A as follows: The factor
√
~/2mωk in the operator uˆk
3FIG. 3: The entanglement, as defined by (3), as a function of
the separation of the two regions and temperature, for L =
R = L/3 and for particles in the first three modes (k = 1..3).
Entanglement exists below a certain critical temperature TC ,
which we can see depends on the separation between L and
R being small.
results in the 1/pi2k2 in the uncertainty above (2) and
powers of k squared occur for the momenta uncertainties
(elements B, D and F ). These terms play an important
role in the convergence/divergence properties of the ele-
ments and consequently in the resulting entanglement.
We now have everything expressed in a suitable way to
be able to use the separability criterion [17] by Simon and
investigate entanglement between the two spatial modes.
Simon’s separability criterion for CV states is analogous
to the partial transposition of Peres-Horodecki [8, 9],
which is equivalent to local time reversal and is necessary
and sufficient for bi-partite Gaussian states. In terms of
our CM, local time reversal changes the sign of the mo-
mentum of one of the regions. For our investigation we
want to arrive at a condition that must be obeyed by only
separable states so let us locally change the sign of the
momentum and find the lowest eigenvalue corresponding
to the conditions (1). After applying this method we
find the following inequality expressed in terms of our
CM elements
0 ≤ 1 + (AC − F 2)(BD − E2)−AB − CD + 2EF. (3)
This condition is only satisfied iff our two spatial modes
are separable, i.e. there are no quantum correlations be-
tween them, indeed, any violation means that our modes
are entangled. We check this criterion for our spatial
regions and insert the expressions for the CM elements
into the inequality (3). We find that our system is al-
ways separable with respect to the two spatial modes,
independently of the size of the regions, their separation
and the temperature.
This is intuitively clear because the more momenta
that are included in a thermal state the more mixed this
FIG. 4: The critical temperature TC as a function of the size
of the regions, where L = R and the regions are touching at
0.45L. For larger regions the critical temperature is very low,
but for smaller and smaller regions TC increases.
state becomes. With this in mind, we choose to make a
post-selection and project onto only the lower momenta
P ρˆP †, where Pˆ =
∑N
i=1 |ni〉〈ni| is the projector onto
the lowest N momenta. This is not unusual and many
experiments, for example, make post-selections of slow
atoms in atomic gases. We will discuss how to do this in
practice shortly in a different way. Indeed, post-selecting
momenta proves to be a profitable exercise as it is only
after this operation that the separability condition (3)
is violated and we discover spatial entanglement, under
certain circumstances, between the two modes.
This, at the moment, is of course an artificial trunca-
tion, made solely for the purpose of uncovering the entan-
glement, but as we are able to take any detector profile
g(x) we could find the function that would directly pick
out a set of momenta so that the state is entangled. More
precisely, the number of momenta ∆k, that we have to
sum over is related to the shape of the regions defined by
their width and the detector profile. In our case ∆k is
inversely proportional to the width of the regions R and
Q, ∆k ∝ 1/R for instance. One can see this clearly in
figure (2) and this relationship is the well known uncer-
tainty relation and so the state conditions (1) are satis-
fied. Figure (2) indicates how many momenta have to be
summed over to for the system to be entangled at a fixed
low T .
The entanglement we find depends upon the width of
the regions we define, their separation and the temper-
ature of the system. We can see this more clearly in
figure (3), where the inequality (3) has been plotted for
two regions of size R = Q = L/3. We will call the high-
est temperature for entanglement the critical temperature
TC , as above this temperature no entanglement exists no
4matter what the separation of the regions is. Let us in-
vestigate the nature of the critical temperature TC with
respect to the size of the regions and compare this to the
main result in Anders’ et al. [16] paper, which states
that entanglement can exist at arbitrarily high temper-
atures providing we can zoom in on increasingly smaller
scales. From figure (4) it is evident that this is the case,
the smaller the regions, the higher the critical temper-
ature for entanglement. Providing we can zoom in on
smaller and smaller length scales we can have entangle-
ment at arbitrarily high temperatures. In order for the
higher momentum modes to be occupied, when the re-
gions are very small we have found that the system has
to be heated up to a finite T before we uncover entangle-
ment.
We have found entanglement in our system, but we
now ask if this entanglement is useful. We show this
by extracting the entanglement from our bosonic gas to
a pair of localised systems (atoms or quantum dots for
instance), we can then use as a resource [1, 2, 3, 4, 5,
6, 7]. This extraction procedure effectively demonstrates
that we have proper valuable EPR type entanglement,
but it also naturally resolves the problem of artificially
truncating the momenta.
The system we used for extraction is related to a gen-
eralised scheme by Kaszlikowski et al. [20] and is set up
as follows: Two systems - held by Alice (A) and Bob (B)
- are placed in close proximity to the gas and their natu-
ral finite width is used to define the size of two separate
spatial regions. The systems are localised in two distinct
regions of space and do not, at any time, interact with
one another and start in a separable state with respect
to one another.
Before the probe systems can become entangled they
must interact with the gas for a finite time. The Hamilto-
nian that provides this interaction is H(t) = g(t)(uˆRPˆA+
uˆQPˆB). The position of the gas located in region R cou-
ples uniquely with the momentum of Alice’s system PˆA
and the position of the gas in the other region, Q, cou-
ples to the momentum of Bob’s system PˆB . If atoms
are chosen as the probe systems, they can be placed in
a harmonic trap whose potential is adjusted so that the
configuration of the energy levels coincide with the set of
momenta that are entangled in the gas or equally their
internal levels can be tuned to resonance with the entan-
gled atoms aswell.
We want to show that the atoms are entangled af-
ter we have applied the interaction for some time t and
for this we must determine the time evolution of the
state. The system is initially in the state |Ψ(0)〉 =
|φ〉gas|0〉A|0〉B and as the full time evolution is diffi-
cult to establish, providing we choose a suitably short
interaction, we can calculate the state at time T , per-
turbatively, to first order. The state at time t becomes
|Ψ(t)〉 = |Ψ(0)〉+ iHˆ0|φ〉|0〉|0〉−g
√
~mω/2(uˆR|φ〉|1〉|0〉+






We would like to know whether the atoms have be-
come entangled in momentum and for this we trace out
the gas and compute the Peres-Horodecki criterion for
the atoms. Before we apply the partial transposition the
density matrix of the atoms, written in the basis of the




1 0 0 0
0 A C 0
0 C B 0
0 0 0 0

 .
Where A ∝ tr[ρuˆ2R], B ∝ tr[ρuˆ
2
Q] and C ∝ tr[ρuˆRuˆQ].
This means that as C > 0 the atoms are entangled as
there is always a negative eigenvalue after the partial
transposition has been applied. This is always the case
in this paper as we project onto a finite number momenta
in the state.
To conclude, in this letter we have demonstrated the
presence of spatial entanglement in a non-interacting
bosonic gas. We have proven that if particles of all mo-
menta are taken into account then the gas shows no en-
tanglement. However, when we chose to include only
enough momenta to satisfy the uncertainty relation, then
there exists entanglement below a certain temperature
and within a finite separation. For smaller and smaller
regions, entanglement is forced to exist at higher and
higher temperatures in order to satisfy the uncertainty
requirements. We have then illustrated that spatial en-
tanglement is in fact useful as it can be extracted to a
pair of your favourite localised systems, which can then
be used as resource for other tasks.
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